A recent result on size functions is extended to higher homology groups: the persistent homology based on a multidimensional measuring function is reduced to a 1-dimensional one. A simple example shows the advantage of the multidimensional setting with respect to consideration of the single components. Some reflections on k-essentiality of homological critical points conclude the paper.
Introduction
In 1991 P. Frosini introduced the concept of Size Function [9] , [12, Sect. 8.4 ], a topologicalgeometrical tool for describing, analyzing and comparing shapes. This was actually the origin of rather large experimental research ( [13, 14, 15] ). Size functions were generalized by the same School in two directions: Size Homotopy Groups [10] (already in a multidimensional setting!) and Size Functor [1] .
At about the same time, Persistent Homology was independently introduced [7, 8] (see also [5, 6] ). All these theories have substantially the same target: shape recognition. They are constructed on some features of sub-level sets of a continuous real-valued function defined on the object of interest. They also share an important advantage with respect to other methods of pattern recognition: they capture qualitative aspects of shape in a formal quantitative way; so, they turn out to be particularly suited to the analysis of "natural" shape (blood cells, signatures, gestures, melanocytic lesions, . . . ). Retrospectively, a size function is identifiable with the rank of a 0-th persistent homology group.
The results obtained recently, involving the construction of size functions related to multidimensional measuring functions, lead us to same generalization to persistent homology groups.
The main reason for such a generalization is that there are manifolds, which cannot be discriminated by n size functions related to n different real-valued measuring functions, but can be distinguished by a size function related to an n-dimensional measuring function.
Basic notions
In the first part of this section, we shall state the definitions of persistent homology group and related concepts [4] . In the second one, we'll recall briefly the concept of multidimensional size functions and we'll state the theorem that gives us the tools to calculate them. It states, in fact, that a proper planes' foliation of a 2m-dimensional real space makes an m-dimensional size function equal to a 1-dimensional one over each plane [3] .
All maps in this paper will be considered to be continuous.
1D Persistent Homology
Given a topological space X and an integer k, we denote the k-th singular homology group of X by H k (X). Definition 1. Let X be a topological space and f a real function on X. A homological critical value of f is a real number a for which there exists an integer k such that, for all sufficiently small ε > 0, the map We write
, for all k ∈ Z, and for x < y, we let k f y x : k F x → k F y be the map induced by inclusion of the sub-level set of x in that of y, for a fixed integer k. Moreover, we indicate with An analogous definition for multidimensional persistent homology will be given in Definition : M → R be defined by setting
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, the following equalities hold:
Analogously, for every y = (y 1 , ..., y m ) ∈ R m , with
From that, there follows the main theorem of [3] :
the following equality holds:
) (s, t).
Homological 1D reduction
Our target is to give a definition of k-th persistent homology group related to a continuous m-dimensional real function, so that it is identified with the k-th persistent homology group related to a real valued tame function over each admissible plane, in a way similar to what has been done for size functions.
The first issue arises when one tries to compute the maximum between the components of a m-dimensional real function. In fact:
Remark 1. The maximum of two tame functions is not necessarily a tame function.
As an example, let ϕ 1 , ϕ 2 : R 2 → R be two tame functions defined as
and consider the function Then, as we can see in Figure 3 , ϕ is not tame, since
Given this fault related to tame functions, the solution we propose is to introduce the following concept.
Definition 6. Let X be a topological space and f : X → R m a continuous function on X. We shall say that f is max-tame if, for every admissible pair ( l, b), the function g
is tame.
Definition 7.
Analogously to 1D case, hereafter we put , the following equality holds:
for all k ∈ Z and s, t ∈ R with s < t.
Proof. By the Lemma 1, we know that, for every x = (x 1 , ..., x m ) ∈ R m , with
It follows that
for all k ∈ Z.
, for all k ∈ Z. So, since k f We now describe a simple example, which shows that persistent homology, with respect to a multidimensional measuring function, is actually stronger than the simple collection of the persistent homologies with respect to its one-dimensional components.
In In order to compare the persistent homology groups of C and S defined by ρ, we are interested in studying the half-planes' foliation of R 4 , where l = (cos θ, sin θ) with θ ∈ (0, π 2 ), and b = (a, −a) with a ∈ R. Any such half-plane is parameterized as
with s, t ∈ R, s < t.
In the following, we shall always assume 0 ≤ s < t. 2 ) and b = (0, 0), we obtain that
defined as above, we obtain that In other words, multidimensional persistent homology, with respect to ϕ and ψ, is able to discriminate the cube and the sphere, while the 1D one, with respect to ϕ 1 , ϕ 2 and ψ 1 , ψ 2 , cannot do that. In fact, for either manifold the sub-level sets of the single components (i.e. 1D measuring functions) are homeomorphic for all values: they are topologically either circles, or annuli, or spheres.
It should be noted that the map g
on S reaches the homological critical value 1 at points, at which it lacks of differentiability.
In the example above, the function ϕ is not max-tame, because g
: C → R has infinitely many critical points when max{|x|, |y|} = 1; moreover, the cubic surface itself is not even C 1 .
This problem can be solved by perturbing C so that it becomes smooth (e.g. a super-quadric [11] ). In this case, the differences between homology groups of the cube and of the super-quadric are only quantitative (i.e. the levels of homological critical values are different from one another).
An even simpler example can be given on size pairs having the same support. Let M be the ellipse imbedded in R 3 as
. Then the persistent homology modules of (M,
identical, while the persistent homology (in degree zero, so the size function) of (M, ϕ) differs from the one of (M, ψ). In fact, while the sub-level sets of ϕ are always either empty or connected, the sub-level sets ψ ≤ (x, y), with 0 < x < 1, 1 − x 2 ≤ y < 1 consist of two connected components.
Reduction of k-essential critical values
The former example of the previous section suggests also some other considerations on the cooperation of measuring functions. A problem in persistent homology, as well as for the size functor, is the computation of k-essential critical values (see Section 2.1) for k > 0. A possibility is the use of several, independent measuring functions for lowering k, i.e. the degree at which the passage through the critical value causes a homology change.
Consider again the sphere S. The value 1/ √ 2 (corresponding to the homological critical
) is not critical for the maps ρ 1 , ρ 2 on S itself, but it is indeed critical for ρ 2 restricted to ρ
. We conjecture that homological critical values of the 1D reduction of multidimensional measuring functions are always clues of such phenomena.
A further speculation on the use of cooperating measuring functions -from a completely different view point than the one developed in the previous section -is the following. Let T be a torus of revolution around the x axis, with the innermost parallel circle of radius 2, the outermost of radius 3. On T define (f 1 , f 2 ) = (z, −z). Then (0, 0, 2) is a 1-essential critical point for f 1 , but it is 0-essential for its restriction to f 
Conclusions and future work
The extension of Size Theory to multidimensional measuring functions proves itself as effective and important as the extension to higher homology groups. The present research shows the possibility of reducing the computation of persistent homology, with respect to multidimensional size function, to the 1D case, following the line of thought of an analogous extension devised for size functions in [3] .
In the next future, we plan to characterize the multidimensional max-tame measuring functions in a way, that the reduction to 1D case makes the specific features persistent homology groups hold steady. It also would be our concern to give a rigorous definition of multidimensional homological critical values of a max-tame function and to relate them to the homological critical values of the maximum of its components.
Eventually, in relation to our conjecture about k-essentiality (see Section 5), we plan to build an algorithm to recursively reduce k-essential critical points of a measuring function to 0-essential ones.
